Abstract. We continue our study of the class C (D), where D is a uniform ultrafilter on a cardinal κ and C (D) is the class of all pairs (θ 1 , θ 2 ), where (θ 1 , θ 2 ) is the cofinality of a cut in J κ /D and J is some (θ 1 + θ 2 ) + -saturated dense linear order. We give a combinatorial characterization of the class C (D). We also show that if (θ 1 , θ 2 ) ∈ C (D) and D is ℵ 1 -complete or θ 1 + θ 2 > 2 κ , then θ 1 = θ 2 .
Introduction
Assume κ is an infinite cardinal and D is an ultrafilter on κ. Recall that C (D) is defined to be the class of all pairs (θ 1 , θ 2 ), where (θ 1 , θ 2 ) is the cofinality of a cut in J κ /D and J is some (equivalently any) (θ 1 + θ 2 ) + -saturated dense linear order. Also C >λ (D) is defined to be the class of all pairs (θ 1 , θ 2 ) ∈ C (D), such that θ 1 + θ 2 > λ. The classes C ≥λ (D), C <λ (D) and C ≤λ (D) are defined similarly.
The works [2] , [3] and [4] of Malliaris and Shelah have started the study of this class for the case θ 1 + θ 2 ≤ 2 κ and [1] started the study of the case θ 1 + θ 2 > 2 κ . As it was observed in [1] , the study of the class C >2 κ (D) is very different from the case C ≤2 κ (D), and to prove results about it, usually some extra set theoretic assumptions are needed. In this paper we continue [1] and prove more results related to the class C (D).
In the first part of the paper (Sections 2 and 3) we give a combinatorial characterization of C (D). Using notions defined in section 2, we can state our first main theorem as follows. (a) There isā ∈ S c which is not c-solvable, where c = κ, D, λ 1 , λ 2 .
(b) (λ 1 , λ 2 ) ∈ C (D).
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2 M. GOLSHANI AND S. SHELAH
In the second part of the paper (Sections 4 and 5) we study the existence of non-symmetric pairs (i.e., pairs (λ 1 , λ 2 ) with λ 1 = λ 2 ) in C (D). By [6] , we can find a regular ultrafilter D on κ such that C (D) ⊇ {(λ 1 , λ 2 ) : ℵ 0 < λ 1 < λ 2 ≤ 2 κ , λ 1 , λ 2 regular}.
In particular, C (D) contains non-symmetric pairs. On the other hand, results of [1] show
, in particular if SCH, the singular cardinals hypothesis, holds, then λ 1 = λ 2 , and so C >2 κ (D) just contains symmetric pairs.
We then prove the following theorem (in ZFC):
.
The theorem shows some restrictions on the pairs (λ 1 , λ 2 ) that C (D) can have, in particular, it shows that in the result of [6] stated above, we can never take the ultrafilter D to be ℵ 1 -complete and that C >2 κ (D) can not have non-symmetric pairs.
The paper is organized as follows. In section 2 we give the required definitions, which lead us to the notion of c-solvability and in section 3 we complete the proof of Theorem 1.1.
In section 4 we prove part (a) of Theorem 1.2 and in section 5 we complete the proof of part (b) of Theorem 1.2. of the theorem. We may note that parts one (Sections 2 and 3) and two (Sections 4 and 5) can be read independently of each other.
On the notion of c-solvability
In this section we give the required definitions which are used in Theorem 1.1. 
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(c) For c ∈ C let S c be the set of all sequencesā = a s,t : s, t ∈ N c such that
, where N 0 is a singleton, say N 0 = {s * }.
We now define the notion of c-solvability. 
is defined as follows: Thenb is called a c-solution forā.
A combinatorial characterization of C (D)
In this section we give a proof of Theorem 1.1.
Proof. (a) Let A = {(i, s) : i < κ c , s ∈ N c }, and define the order < A on A by
Also let ≤ A be defined on A in the natural way from < A , so
It is easily seen that ≤ A is a linear order on A. Now let M be a (λ c,1 + λ c,2 ) + -saturated dense linear order which contains (A, < A ) as a sub-order. Also letf = f s : s ∈ N c , where
For (a-4), assume s < Nc t are given. Then
Finally note that for
So M andf are as required.
(b) (b-1) follows from (a-4) and the fact that for
First assume thatā is c-solvable and letb be a solution forā. For each i < κ c let p i (x) be the following type over M :
. Then for k < n and l < m we have
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and so i ∈ a s k ,t l , which implies
which exists as M is dense. It follows that p i (x) is finitely satisfiable in M .
It follows that there exists f ∈ κc M such that for each i < κ c , f (i) realizes the type
We can assume that range(f ) is disjoint from A.
Proof. As range(f s ) : s ∈ N c is a sequence of pairwise disjoint sets and λ c,1 , λ c,2 > κ c are regular, there are s 1 ∈ N c,1 and s 2 ∈ N c,2 such that
So we can replace f by f and f satisfies the requirements on f ; i.e., f /D c realizes q(x) • If s = s * , then t ∈ N c,2 and as
• If t = s * , then s ∈ N c,1 and as f /D c realizes q(x), we have f s < Dc f, which implies
If all s 1 , s 2 and s 3 are in N c , then we are done. So assume otherwise. There are three cases to be considered:
, and we have
Similarly,
• If s 2 = s * , then s 1 ∈ N c,1 , s 3 ∈ N c,2 and we have
Also,
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• If s 3 = s * , then s 1 , s 2 ∈ N c,1 and we have
Similarly, we have
Hence,b is a c-solution forā, as required.
The lemma follows.
Given c ∈ C, the next lemma gives a characterization, in terms of c-solvability, of when (a) There isā ∈ S c which is not c-solvable.
Proof. f s (i) : s ∈ N c , i < κ is with no repetitions. Define the sequenceā = a s,t : s, t ∈ N c , such that for s < Nc t, a s,t = {i < κ : f s (i) < f t (i)} and a t,s = κ c \ a s,t . Also set a s,s = ∅. It is evident thatā ∈ S c . Claim 3.6.ā is not c-solvable.
Proof. Assume not. Then by Lemma 3.1(b-2), the type
is realized in κc M/D c , which contradicts the choice of M,f .
The Lemma follows.
For ℵ 1 -complete ultrafilter, C (D) contains no non-symmetric pairs
In this section we prove part (a) of Theorem 1.2. In fact we will prove something stronger, that is of interest in its own sake. (a) a subset K of I is called internal if there are subsets 
By the choice of J, for every i < κ, either λ
+ , hence for some l ∈ {1, 2}, we have
It follows that
+ , which is a contradiction.
We are now ready to complete the proof of Theorem 4.3.
Proof. We can assume that θ 1 , θ 2 are infinite. Let
i be a well-ordering of I i with a last element and let < 2 be such that (I,
Then < 2 is a linear ordering of I with a last element and since D is ℵ 1 -complete, it is well-founded, so < 2 is in fact a well-ordering of I with a last element.
As (J 1 , < 1 ) has cofinality θ 1 , we can find f α ∈ i<κ I i , for α < θ 1 , such that
Let B = {t ∈ I : {s ∈ J 1 : s < 2 t} is < 1 -unbounded in J 1 }. As θ 1 is infinite, the < 2 -last element of I belongs to B, which implies B = ∅ and hence B has a < 2 -minimal element;
call it t * . Let g * ∈ i<κ I i be such that t * = g * /D.
Note that for each α < θ 1 there are s ∈ J 1 and β > α such that s < 2 g * /D and
Also note that
so, without loss of generality, it is empty. Hence, without loss of generality
Let f θ1 = g * and for α ≤ θ 1 set K α = {s ∈ I : s < 2 f α /D}. Thus K α is a < 2 -initial segment of I.
Proof. As f α /D < 2 t * , it follows from our choice of t * that K α is < 1 bounded in J 1 .
Claim 4.5. If α < θ 1 , then K α is an internal subset of I.
Proof. For each i < κ set
Then K α = K α,i /D and the result follows.
Now consider the following statement:
We split the proof into two cases.
Case 1. ( * ) holds: Fix α witnessing ( * ). It follows that (J
cut of I and we are done.
Case 2. ( * ) fails: So for any α < θ 1 , there is s α ∈ J 2 such that
As θ 1 = θ 2 are regular cardinals, there is s * ∈ J 2 such that
So by the minimal choice of t * and the fact that f α /D : α < θ 1 is < 1 -cofinal in J 1 , we have g * /D ≤ 2 s which is a contradiction.
So we have {s ∈ J 2 :
Proof. (a) is trivial and can be proved as in Claim 4.5 using
we can easily see that
For each i < κ set
It follows from the above claim that
∃s ∈ L i , t ≤ 1 i s}. Hence J 1 is internal and so by Remark 4.2, (J 1 , J 2 ) is an internal cut of I, and we are done. The theorem follows.
C >2 κ (D) contains no non-symmetric pairs
In this section we show that if D is a uniform ultrafilter on κ, then C >2 κ (D) does not contain any non-symmetric pairs. Again, we prove a stronger result from which the above claim, and hence Theorem 1.2(b) follows.
Theorem 5.1. Assume D is a uniform ultrafilter on κ, I i : i < κ is a sequence of linear orders and I = i<κ I i /D. Also assume (J 1 , J 2 ) is a cut of I of cofinality (θ 1 , θ 2 ), where
Proof. As before, we can assume without loss of generality that θ 1 , θ 2 are infinite. Let
i , for i < κ, be a well-ordering of I i with a last element We say a sequenceK = K i : i < κ catches (J 1 , J 2 ) if each K i ⊆ I i is non-empty and for every s 1 ∈ J 1 and s 2 ∈ J 2 there is t
and
We can define an order on C bȳ
There isμ ∈ C which is < D -minimal.
We consider two cases.
Case 1. ( * ) holds: Fixμ = µ i : i < κ witnessing ( * ), and letK ∈ S be such that for all
i be a well-ordering of K i of order type µ i and let < 3 be such that
, be such that g α /D : α < θ 3 is < 3 -increasing and cofinal in (K, < 3 ).
As θ 1 = θ 2 , for some l ∈ {1, 2}, θ 3 = θ l . Assume without loss of generality that θ 3 = θ 1 .
For α < θ 3 and i < κ set
Then the sequence K α : α < θ 3 is ⊆-increasing and K = α<θ3 K α .
By our choice ofμ, the sequence K α,i : i < κ does not catch (J 1 , J 2 ), and hence we can find s α ∈ J 1 and t α ∈ J 2 such that K α ∩ {s ∈ I : s α < 1 s < 1 t α } = ∅.
from below, and since K is internal, the arguments of section 2 show that J 2 is also internal, and hence by Remark 4.2, (J 1 , J 2 ) is an internal cut of I, as required.
Case 2. ( * ) fails: Clearly < D is a linear order on C, so it has a co-initiality, call it θ 3 . As ( * ) fails, < D is not well-founded and so θ 3 ≥ ℵ 0 . Also by [5] , θ 3 ≤ 2 κ .
Let μ ξ = µ ξ,i : i < κ : ξ < θ 3 be < D -decreasing which is unbounded from below in
We consider two subcases.
Subcase 2.1. For some ξ < θ 3 , K ξ ∩ J 1 is bounded in (J 1 , < 1 ): Fix such a ξ < θ 3 and let s * ∈ J 1 be a bound. Then asK ξ catches (J 1 , J 2 ), it follows that K ξ ∩ J 2 is unbounded in J 2 from below. Since K ξ is internal and K ξ ∩ J 2 is unbounded in J 2 from below, so J 2 is internal. In follows that the cut (J 1 , J 2 ) is internal and we are done.
Subcase 2.2. For all ξ < θ 3 , K ξ ∩ J 1 is unbounded in (J 1 , < 1 ): Since cf(J 1 , < 1 ) = θ 1 , there are functions f α ∈ i<κ I i , for α < θ 1 , such that
f α /D : α < θ 1 is < 1 -increasing, (3) f α /D : α < θ 1 is a < 1 -cofinal subset of J 1 .
For every α < θ 1 and ξ < θ 3 there are β and g such that (4) α < β < θ 1 , • If i ∈ κ \ Ξ α,β , then F Claim 5.5. For every ξ < θ 3 ,μ * ≤ Dμξ .
